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Uncertainty relation for angle from a quantum-hydrodynamical perspective
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We revisit the problem of the uncertainty relation for angle by using quantum hydrodynamics
formulated in the stochastic variational method (SVM), where we need not define the angle operator.
We derive both the Kennard and Robertson-Schro¨dinger inequalities for canonical variables in polar
coordinates. The inequalities have state-dependent minimum values which can be smaller than ~/2
and then permit a finite uncertainty of angle for the eigenstate of the angular momentum. The
present approach provides a useful methodology to study quantum behaviors in arbitrary canonical
coordinates.
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I. INTRODUCTION
The uncertainty relation is known as one of the impor-
tant features of quantum physics and its comprehension
requires unceasing improvement. For example, its error-
disturbance generalization proposed by Ozawa [1] was
experimentally tested [2]. The error quantifies the devi-
ation between intended and effective measurements, and
the disturbance concerns accuracy in the successive de-
terminations of the value of two non-commuting observ-
ables. As a matter of fact, the concept of uncertainty
relation is crucial for experimental requirements in the
detection of the gravitational waves [3, 4].
In this work, we consider a long-standing problem, that
is, the uncertainty relation for the angular coordinate
viewed as the canonically conjugate variable to the an-
gular momentum. As is discussed in the standard text-
books of quantum mechanics [5], if one defines an angle
operator θ such that its commutation rule with the an-
gular momentum operator L is canonical, i.e., [θ, L] = i~,
then the ensuing Kennard inequality reads:
σθσL ≥ ~
2
, (1)
where σA is the standard deviation of operator A. This
is however not acceptable; the uncertainty of the angle
σθ becomes infinite for the eigenstate of L, while the
maximum value of σθ should be finite due to the bounded
domain of the spectrum 0 ≤ θ < 2pi.
This paradox is usually attributed to the definition of
the angle operator: there is no self-adjoint multiplica-
tive operator which is periodic and satisfies the canonical
commutation rule. Therefore the uncertainty relation for
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angle has been discussed exclusively by violating one of
the two conditions. See Ref. [6] and the recent Refs. [7–9]
for survey and discussion. To avoid the problem of the
periodicity, for example, the non-hermitian multiplica-
tive operator with spectrum eiθ is considered instead of
the angular coordinate itself [10, 11]. For the latter, the
commutation rule is modified by
[θ, L] = i~
{
1− 2pi
∞∑
N=−∞
δ(θ − 2Npi)
}
, (2)
where N indicates an integer [12, 13].
We investigate this problem from a different point of
view which pertains to quantum hydrodynamics. Al-
though such an approach gives an alternative point of
view for quantum behaviors [14], one could argue that
quantum hydrodynamics does not offer an advantage
over the formalism of operators acting in Hilbert spaces of
quantum states. However, with the help of the stochastic
variational method (SVM) [15, 16], quantum hydrody-
namics provides a useful methodology to study quantum
behaviors in arbitrary canonical coordinates. In fact, one
of the present authors developed a systematic procedure
to define the uncertainty relation within the framework
of quantum hydrodynamics with Cartesian coordinates
[16]. Observables are described by using probability dis-
tributions and fluid velocity fields. Hence it is not nec-
essary to work with position and momentum operators.
Moreover this framework was recently generalized to be
applied to general coordinate systems in Ref. [17]. There-
fore the quantum-hydrodynamical approach is expected
to cast the question of uncertain relation in a new light.
The purpose of this work is to examine the uncertainty
relations for canonical variables in polar coordinates by
using the quantum-hydrodynamical approach formulated
in terms of the generalized SVM.
2II. STOCHASTIC VARIATION
The formulation developed here is the same as that in
Refs. [17, 18]. We denote Cartesian coordinates by za =
(x, y) and polar coordinates by qi = (r, θ). Cartesian co-
ordinates are function of polar coordinates, za = za(r, θ).
In the following, (̂) represents a stochastic quantity and
the Einstein notation of the summation is employed. For
the Euclidean SVM, see also review papers Refs. [19, 20].
In SVM, we consider the optimization of the non-
differentiable trajectory for a (virtual) particle [16]. To
describe such a trajectory as Brownian motion, we in-
troduce stochastic differential equations (SDE’s), which
are obtained from Eqs. (2) and (7) in Ref. [17] by substi-
tuting the metric (vielbein) of polar coordinates. In this
approach, we introduce four unknown ui±(r, θ, t) (i = r, θ)
to be determined through stochastic variational principle.
These are requested to fulfill the periodicity conditions:
ui±(r, θ, t) = u
i
±(r, θ + 2Npi, t) , for integer N . (3)
Then the evolutions forward in time are described by the
forward SDE’s (dt > 0),
dr̂t = u
r
+(r̂t, θ̂t, t)dt+
ν
r̂t
dt+
√
2νdŴ rt ,
dθ̂t = u
θ
+(r̂t, θ̂t, t)dt+
√
2ν
r̂t
dŴ θt .
(4)
Here dÂt = Ât+dt− Ât and ν is a parameter which char-
acterizes the stochasticity. In the SVM application to
quantum mechanics, ν is determined by the Planck con-
stant ~, while it is described by the coefficient of viscosity
in hydrodynamics [16, 18, 21]. The stochastic variables
Ŵ rt and Ŵ
θ
t are defined by
dŴ rt ≡ cos θ̂t dŴ xt + sin θ̂t dŴ yt ,
dŴ θt ≡ − sin θ̂t dŴ xt + cos θ̂t dŴ yt ,
(5)
where, Ŵ xt and Ŵ
y
t describe the Wiener processes in
Cartesian coordinates satisfying the standard correlation
properties (a,b=x,y),
E[dŴ at ] = 0 , E[(dŴ
a
t )(dŴ
b
t′ )] = dt δ
abδt,t′ . (6)
The stochastic ensemble average is denoted by E[ ].
Note that the second term on the right-hand side of the
radial component of Eq. (4) is induced by the correla-
tions between Ŵ
x(y)
t and the metric (vielbein) of polar
coordinates, and prevents r̂t from being negative. See
Refs. [17, 18, 22]
In the variational method, we fix not only the initial
but also the final distributions of particles. Then we need
also to consider the evolutions backward in time, which
are defined by the backward SDE’s (dt < 0),
dr̂t = u
r
−(r̂t, θ̂t, t)dt−
ν
r̂t
dt+
√
2νdŴ
r
t ,
dθ̂t = u
θ
−(r̂t, θ̂t, t)dt+
√
2ν
r̂t
dŴ
θ
t .
(7)
Here dŴ
r
t and dŴ
θ
t satisfy the same correlation prop-
erties as dŴ rt and dŴ
θ
t , respectively, through replacing
dt with |dt|.
The particle probability distribution is defined by
ρ(r, θ, t) =
1
r
∫ ∞
0
ridri
∫ 2pi
0
dθi ρ0(ri, θi)
×
∞∑
N=−∞
E[δ(r − r̂t)δ(θ + 2Npi − θ̂t)] ,(8)
where the factor 1/r comes form the Jacobian and
ρ0(ri, θi) denotes the initial distribution of r̂t and θ̂t at
an initial time ti. It is easy to see the normalization,∫∞
0 rdr
∫ 2pi
0 dθ ρ(r, θ, t) = 1.
The time evolution of ρ satisfies two Fokker-Planck
equations. We do not make them explicit here (See Refs.
[17, 18]), but just indicate that they derive from the two
sets of SDE’s (4) and (7), respectively. For these equa-
tions to describe the same phenomenon, the following
consistency conditions should be satisfied,
ui+(r, θ, t)− ui−(r, θ, t) = 2νgij∂j ln ρ(r, θ, t) , (9)
where i, j = r, θ and gij is the metric of polar coordinates.
Then the two Fokker-Planck equations are reduced to the
common equation of continuity,
∂tρ = −∇i
(
ρ
ui+ + u
i
−
2
)
≡ −∇i(ρvi) , (10)
where ∇i is the covariant derivative in polar coordinates.
The action for the stochastic variation is defined by
I =
∫ tf
ti
dtE[L] , (11)
with the stochastic Lagrangian defined by
L =
m
4
∑
s=±
∑
a=x,y
(Dsẑ
a
t ) (Dsẑ
a
t )− V . (12)
Here m is the particle mass, V is a potential energy and
ẑ at = z
a(r̂t, θ̂t). See Refs. [16, 18, 21] for other choices
of the stochastic Lagrangian. The stochastic trajectory
is non-differentiable and, following Nelson [23], we can
introduce at least two different time derivatives; the mean
forward derivative,
D+f(q̂
i
t ) = lim
dt→0+
E
[
f(q̂ it+dt)− f(q̂ it )
dt
∣∣∣Pt] , (13)
and the mean backward derivative,
D−f(q̂
i
t ) = lim
dt→0−
E
[
f(q̂ it+dt)− f(q̂ it )
dt
∣∣∣Ft] . (14)
These expectation values are conditional averages, where
the condition Pt (Ft) fixes the values of q̂
i
t′ for t
′ ≤ t (t′ ≥
3t). The trajectory becomes smooth andD+ andD− coin-
cide in the vanishing limit of ν. Then the above stochastic
Lagrangian reproduces the classical particle Lagrangian
in polar coordinates.
We require that the action is optimized, not only for
any variation of the stochastic trajectory, but also for
any distribution of the stochastic canonical coordinates.
Then the stochastic variation of the action determines
the equations for the velocity field vi(r, θ, t) (or equiv-
alently ui±(r, θ, t)) and leads to the following quantum
hydrodynamics,(
∂t + v
r∂r + v
θ∂θ
)
vr − rvθvθ + ∂rV
m
= 2ν2∂r
1√
ρ
(
1
r
∂rr∂r +
1
r
∂2θ
)√
ρ ,
(
∂t + v
r∂r + v
θ∂θ
)
vθ +
2
r
vrvθ +
∂θV
mr2
=
2ν2
r2
∂θ
1√
ρ
(
1
r
∂rr∂r +
1
r
∂2θ
)√
ρ .
(15)
All quantum effects are produced by the terms on the
right-hand side which are given by the gradient of the
so-called quantum potential [14].
To see the relation to quantum mechanics, we intro-
duce the velocity potential through
vi(r, θ, t) = 2νgij∂jΘ(r, θ, t) , (16)
and define the complex function Ψ =
√
ρeiΘ. By choos-
ing ν = ~/(2m), one can easily show that Ψ satisfies the
Schro¨dinger equation in polar coordinates and thus Ψ is
viewed as a wave function. See also Eq. (48) in Ref. [21].
That is, this approach enables us to quantize directly
classical systems represented in terms of canonical vari-
ables. This is a remarkable feature which is not held in
the canonical quantization.
The quantum potential term become singular when
√
ρ
crosses zero which corresponds to the node of the wave
function. Then we need an additional condition to con-
nect the solutions around the singularity. This is indeed
associated with the criticism by Takabayasi and Wall-
strom, as we will show below [24, 25].
For the sake of simplicity in the following discussions,
we consider that the potential is a function of r, V = V (r)
only and put ν = ~/(2m). For the SVM formulation of
hydrodynamics, see Refs. [16, 18, 21] for details.
III. EIGENSTATE OF ANGULAR MOMENTUM
Before deriving the uncertainty relation, we comment
how the eigenstate of the angular momentum is described
in this scheme.
The eigenstate is interpreted as the stationary solution
of quantum hydrodynamics,
vr(r, θ, t) = 0 , vθ(r, θ, t) =
~α
m
, (17)
where α is still an arbitrary adimensional real constant.
We consider the covariant component vi, not the con-
travariant component vi. Substituting these into Eq. (10)
and into the second line of Eq. (15), we find ρ(r, θ, t) =
ρ(θ). Then the first line in Eq. (15) becomes the time-
independent Schro¨dinger equation in polar coordinates,[
− ~
2
2m
(
1
r
∂rr∂r − α
2
r2
)
+ V (r)
]√
ρ = E
√
ρ , (18)
where E is a real constant, that is, the energy eigenvalue.
The same equation can be derived from the Bernoulli
theorem of quantum hydrodynamics.
Note however that α is not yet quantized. In fact,
the quantum potential becomes singular around
√
ρ = 0
and thus we need additional condition to connect the
solutions for the left and right sides of the singular-
ity. In quantum hydrodynamics, the standard procedure
amounts to employ the Bohr-Sommerfeld type condition
[14, 24, 25], ∮
vθ(r, θ)dθ =
2piN~
m
, (19)
where the loop integral path is chosen to be around r = 0.
Then one can easily find the quantization of the angular
momentum α = N . See discussions in Ref. [14] for more
details.
IV. UNCERTAINTY RELATIONS
Following Ref. [16], we define the stochastic momenta
by
p̂±i t = 2
∂L
∂(D±q̂ it )
= mgiju
j
±(r̂t, θ̂t, t) , (20)
where, in the present case, q̂ rt = r̂t and q̂
θ
t = θ̂t. The
factor 2 is just a convention to reproduce the classical
result in the vanishing limit of ~ (or equivalently ν). It is
easy to show that the expectation value of the quantum-
canonical momentum is given by the average of the two
expectation values of the two momenta,
E[p̂i t] ≡ E
[
p̂+i t + p̂
−
i t
2
]
= m
∫ ∞
0
rdr
∫ 2pi
0
dθ vi(r, θ, t)ρ(r, θ, t) . (21)
On the other hand, the stochastic momenta p̂+i t and p̂
−
i t
contribute to the stochastic Newton (or Newton-Nelson)
equation on an equal footing as is shown in Ref. [16] and
thus it is natural to define the standard deviation of the
quantum-mechanical momentum by the average of the
two contributions,
σ2pi ≡
1
2
(
∆2
p̂
+
i
+∆2
p̂
−
i
)
, (22)
4where ∆2A = E
[
(δÂ)2
]
with δÂ = Â− E[Â].
Like for the uncertainty relation of the quantum-
canonical variables, we consider the product of the stan-
dard deviation of the contravariant components of canon-
ical coordinates and that of the covariant components of
canonical momenta. For the radial component, we obtain
σ2rσ
2
pr
≥ ~
2
4
∣∣2− E [r̂t]E [r̂−1t ]∣∣2 + |E [δr̂t δp̂r t]|2 , (23)
where σ2r ≡ ∆2r . In this derivation, the CauchySchwarz
inequality was utilized. This represents the Robertson-
Schro¨dinger inequality for r. When the second term of
the right-hand side is dropped, it becomes the corre-
sponding Kennard inequality. Because E[r̂t]E[r̂
−1
t ] ≥ 1,
the right-hand side can be smaller than the standard min-
imum value of the uncertainty.
Similarly the inequality for the angular component is
σ2θσ
2
pθ
≥
~
2
4
∣∣∣∣1− 2pi ∫ ∞
0
rdrρ(r, 2pi, t)
∣∣∣∣2 + ∣∣∣E [δθ̂t δp̂θ t]∣∣∣2 , (24)
where σ2θ ≡ ∆2θ. This is the Robertson-Schro¨dinger in-
equality for θ which reduces to the corresponding Ken-
nard inequality by ignoring the second term. For the
eigenstate of the angular momentum, the distribution is
homogeneous in the angle variable,
∫∞
0 rdrρ(r, 2pi, t) =
1/(2pi), and then the right-hand side vanishes, σ2θσ
2
pθ
≥ 0.
That is, the standard deviation of the angle can be finite
even for the eigenstate of the angular momentum, as is
expected.
V. CONCLUDING REMARKS
Interestingly, the well-known minimum of the uncer-
tainty ~/2 is not a universal value for arbitrary canonical
variables. This fact may be useful to improve the resolu-
tions of experiments on the microscopic level.
Judge considered a wave function on a circle and de-
rived an uncertainty relation for angle which is the same
as our Kennard inequality by ignoring the radial distri-
bution and redefining σθ appropriately [6, 12, 13]. In
this derivation, the commutation rule is modified as was
mentioned in the introduction. Unfortunately the sys-
tematic procedure of such a modification is not known
for arbitrary canonical variables.
On the other hand, the present derivation of the un-
certainty relation is easily generalized to any canonical
variables in a non-relativistic curved spacetime systems.
In fact, the most general representation of the Robertson-
Schro¨dinger inequality in the spatial D-dimensional sys-
tem is expressed as
σ2qiσ
2
pj
≥ ~
2
4
∣∣∣∣∣δij −
∫
dDq ∂j{Jρ
(
qi − E [q̂ it ])}+ ∫ JdDq ρ (qi − E [q̂ it ]) D∑
α=0
Γαjα
∣∣∣∣∣
2
+
∣∣E [(δq̂ it ) (δp̂j t)]∣∣2 , (25)
where J is the Jacobian, Γαβγ is the Christoffel symbol
and p̂i t is defined by Eq. (21). The Kennard inequality is
obtained by dropping the second term on the right-hand
side. The term next to δij on the right-hand side gives a
finite contribution for periodic variables as is the case of
Eq. (24), and the term including the Christoffel symbol
can reduce the standard minimum value of uncertainty
as is seen in Eq. (23).
The present quantum-hydrodynamical approach and
the standard operator formulation are complementary.
Our approach provides a systematic procedure to find
quantum behaviors in general coordinates while the op-
erator formulation is based on a more tractable equa-
tion, the Schro¨dinger equation, within the framework of
Hilbertian functional analysis. Therefore, the studies on
quantum hydrodynamics will contribute also to improve
our understanding for the operator formulation of quan-
tum mechanics.
Strictly speaking, the definitions of the canonical mo-
menta in Eq. (20) are fully justified when the Hamil-
tonian formalism is constructed in stochastic analytical
mechanics. Moreover, the uncertainty relation can be in-
troduced to viscous fluids in curved geometries, as was
done for Euclidean hydrodynamics [16]. These general-
izations are possible and will be reported in a forthcoming
paper [26].
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